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Abstract. The self-consistent Green’s function method within the ladder approximation provides
a microscopic description of correlated nuclear systems which properly treats the nucleon-nucleon
correlations induced by the short-range and tensor components present in any realistic interaction.
These correlations produce a sizable depletion of low momenta below the Fermi surface as well as
the occupation of high momenta in the nuclear ground state. A few representative results for nuclear
matter are presented to illustrate the present progress in the application of this method to nuclear
systems.
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INTRODUCTION
The microscopic description of nuclear systems in terms of the constituent nucleons in-
teracting through realistic nucleon-nucleon interactions has been a long-standing goal
in nuclear physics. The aim is to describe the static and dynamical properties of nu-
clear systems ranging from the deuteron to heavy nuclei and neutron stars using a single
parameterization of the nuclear force. In spite of the enormous progress achieved dur-
ing the last years [1] one should recognize that the nuclear many-body problem is not
completely solved. Some of the difficulties are linked to the interplay between the de-
termination of the bare nucleon-nucleon (NN) interaction and the many-body problem
itself. One should therefore face two problems: the search of the NN interaction which
defines the nuclear Hamiltonian and the solution of the associated Schrödinger equa-
tion, which will require sophisticated many-body methods just to find an approximate
solution. In this presentation we take a couple of modern realistic interactions: the rel-
atively soft CDBonn interaction [2] and the harder Argonne V18 (Av18) force [3] and
concentrate on the search of the solution of the many-body problem.
These two interactions, describe very accurately NN scattering from the Nijmegen
data base and the bound-state properties of the deuteron. In principle, all models for
realistic NN interactions incorporate the one-pion-exchange contribution and contain a
phenomenological intermediate- and short-range part. Besides having a complicated op-
erator structure, two main characteristics of these realistic interactions are the presence
of a strong short-range repulsion in the central channel and the need of a tensor compo-
nent to reproduce, among other things, the correct quadrupole moment of the deuteron.
The fact that these interactions reproduce the same scattering data implies that the on-
shell matrix elements of the NN transition scattering matrix are essentially equal. This
does, however, not imply that the models for the NN interaction are identical. Moreover,
the off-shell properties of each potential may be rather different. These differences can
become explicitly manifest in many-body calculations. Exploring the results for differ-
ent realistic interactions one can get a qualitative measure of the uncertainties associated
with the bare NN interactions.
The strong short-range repulsion and tensor components present in realistic interac-
tions produce important modifications of the nuclear wave function. These modifications
can not be described within an independent particle model and are generically referred
to as correlations. For instance, simple Hartree-Fock calculations for nuclear matter at
the empirical saturation density using such realistic NN interactions provide positive
energies rather than the empirical -16 MeV per nucleon.
Several theoretical approaches have been developed over the years to treat these
correlations in nuclear systems, including variational techniques within the correlated
basis functions [4, 5], quantum Monte Carlo [6] or more recently the Auxiliary field
diffusion Monte Carlo [7]. Many efforts have been also devoted to the traditional
Brueckner-Bethe-Goldstone hole-line expansion [8] in its lowest-order form, the so
called Brueckner-Hartree-Fock (BHF) approximation [9]. The strong short-range repul-
sion prevents the use of perturbative expansions and either one incorporates explicitly
the correlations in the wave function, as it is the case of the variational approaches, or
performs partial summations of the perturbative series to obtain a well-behaved effective
interaction. Obviously, diagrammatic notation is very helpful and gives physical insight
in selecting the contributions.
The BHF approximation takes into account particle-particle correlations by solving
the Bethe-Goldstone equation. Nevertheless, a minimal consistent treatment of correla-
tions in nuclear systems requires the inclusion not only of particle-particle intermedi-
ate states but also of the hole-hole ones. The propagation of particles and holes can be
treated on the same footing by means of the self-consistent Green’s function (SCGF) ap-
proach [1, 10], which will be the many-body method discussed in this presentation. Great
progress in the application of the SCGF method to nuclear matter has been achieved in
recent years, both at zero [11] and finite temperatures [12, 13, 14, 15, 16, 17]. Here we
will pay attention to finite temperature calculations. Moreover, the temperatures that we
will consider are small enough to allow for conclusions for the T = 0 case and large
enough to avoid the possibility of pairing instabilities [18].
One of the immediate consequences of the short-range repulsion of the NN interac-
tion is that the probability to find two nucleons close to each other is substantially sup-
pressed. This has important effects on the equation of state of nuclear matter. Moreover,
these correlations affect also the one-body properties, i.e. high-momentum components
in the many-body wave function are populated. At the same time, particle number con-
servation requires that these high-momentum components are to be accompanied by a
corresponding depletion of the population of states within the nuclear Fermi sea. Recent
experiments at Jefferson laboratory have clarified the effects of short-range correlations
on the properties of nucleons in the nuclear medium. An unambiguous signature of the
presence of high-momentum nucleons was identified in an (e,e′p) experiment on 12C
[19]. Evidence for the depletion of the states below the Fermi surface has been also pro-
vided by (e,e′p) experiments on 208Pb at NIKHEF in which a global depletion of around
15% of proton orbits below the Fermi energy explains the measured coincide cross sec-
tions in the missing energy and momentum domain corresponding to the mean-field
single-particle states [20].
SINGLE-PARTICLE PROPERTIES
Calculations of the single-particle propagator are interesting for various reason. On the
one hand, one does not need to know the full details of the nuclear wave function, but
only how the system reacts when one takes out or adds a nucleon to the system. On the
other, it gives access to the expected values of all single-particle operators [10].
The single-particle propagator, in the grand-canonical ensemble, is defined according
to
iG(kt,k′t ′) = Tr
[
ρˆT [ak(t)a†k′(t
′)]
]
, (1)
where we have introduced the density matrix operator
ρˆ = 1
Z
e−β ( ˆH−µ ˆN) , (2)
and the partition function
Z = Tr
[
e−β ( ˆH−µ ˆN)
]
. (3)
In these equations, β denotes the inverse temperature and µ is the chemical potential of
the system. The symbol T stands for the time-ordering operator. Finally, the traces Tr
are to be taken over all energy and particle number eigenstates of the system.
A Lehmann representation allows one to write the propagators in terms of the single-
particle spectral functions
G(k,ω) = 1
2pi
∫
∞
−∞
dω ′ A
>(k,ω ′)
ω −ω ′ + iη +
1
2pi
∫
∞
−∞
dω ′ A
<(k,ω ′)
ω −ω ′− iη , (4)
which are defined as:
A<(k,ω) = 2pi ∑
nm
e−β (Em−µNm)
Z
| 〈Ψn | ak | Ψm〉 |2 δ (ω − (Em −En)) . (5)
A similar definition holds for A>(k,ω) with the use of a creation operator, a†k . Note
the presence in Eq. (5) of the thermal average on the initial states, which accounts for
the thermal population of the excited states. This is different from the zero temperature
case, where the ground state is considered to be the only possible initial state. The total
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FIGURE 1. Density (left panels) and temperature (right panels) dependence of the single-particle
spectral function, A(k,ω), for neutron matter, as a function of energy for three different momenta: k = 0
(upper), k = kF (middle), and k = 2kF (lower), with kF the Fermi momentum associated with each density.
spectral function A(k,ω) is defined as the sum of the two functions, A< and A>, and the
following relation holds: A<(k,ω) = A(k,ω) f (ω), where f (ω) = (1+eβ (ω−µ))−1 is the
Fermi-Dirac distribution. The spectral functions give access to the full propagator and
therefore all the single-particle properties can be obtained from A(k,ω). In particular the
momentum distribution, is given by:
n(k) = 1
2pi
∫
∞
−∞
dωA<(k,ω) = 1
2pi
∫
∞
−∞
dωA(k,ω) f (ω) . (6)
The single-particle Green’s function can be obtained from the self-energy, Σ(k,ω),
through Dyson’s equation,
G(k,ω) = G0(k,ω) + G0(k,ω)Σ(k,ω)G(k,ω) . (7)
The self-energy accounts for the interactions of a nucleon with the nucleons in the
medium and is obtained from the renormalized NN interaction in the medium. This
effective interaction is calculated in the ladder approximation, propagating fully dressed
particles and holes in the intermediate states of the ladder diagrams. The ladder scheme
is the minimal reliable approximation to treat strong short-range repulsive interactions.
By construction, the modification of the single-particle properties affects the effective
interaction in the medium. Conversely, the single-particle propagator is derived from the
NN interaction in the medium. Consequently, both the interaction and the propagator
need to be computed in a self-consistent way.
00.2
0.4
0.6
0.8
1
n
(k)
Argonne v18
10-6
10-5
10-4
10-3
10-2
n
(k)ρ=0.08 fm-3
ρ=0.16 fm-3
ρ=0.24 fm-3
ρ=0.32 fm-3
T=5 MeV
0 0.5 1 1.5 2
Momentum, k/kF
0
0.2
0.4
0.6
0.8
1
n
(k)
600 800 1000 1200 1400
Momentum, k [MeV]
10-6
10-5
10-4
10-3
10-2
n
(k)
Symmetric
    matter
Neutron
 matter
FIGURE 2. Momentum distribution of symmetric (upper panels) and neutron (lower panels) matter
obtained with Av18 interaction at T = 5 MeV for different densities. The high momentum components
are shown in the right panels.
In this procedure, the chemical potential µ¯ is determined by inverting:
ρ = ν
∫ d3k
(2pi)3
n(k, µ¯) , (8)
where ν denotes the spin-isospin degeneracy of the system (ν = 4 and 2 in symmetric
and neutron matter, respectively). Once convergence is reached, one obtains the single-
particle propagator from Dyson’s equation and, from its imaginary part, the spectral
function A(k,ω) :
A(k,w) = −2ImΣ(k,ω)
[ω − h¯
2k2
2m −ReΣ(k,ω)]2 +[ImΣ(k,ω)]2
. (9)
At this point, for the case of two-body interactions, one can calculate the energy per
particle of the system, by means of the Galitskii-Migdal-Koltun sum rule:
E
N
(ρ,T ) = νρ
∫ d3k
(2pi)3
∫
∞
−∞
dω
2pi
1
2
(
h¯2k2
2m
+ω
)
A(k,ω) f (ω) . (10)
Fig. 1 shows the density and temperature dependence of the neutron spectral function
in neutron matter for the Av18 interaction. The spectral function for densities ranging
from ρ = 0.04 fm−3 to ρ = 0.32 fm−3 at a fixed temperature of T = 5 MeV is shown
in the left panels for three momenta: k = 0 (top panel), k = kF (middle panel) and
k = 2kF (bottom panel), where kF corresponds to the Fermi momentum associated with
each density. The right panels show the results for a fixed density, ρ = 0.16 fm−3, and
temperatures from T = 5 to 20 MeV. The spectral functions are characterized by the
presence of an important quasi-particle peak, which contains roughly 70%−80% of the
total strength for all momenta. The location of this peak is defined by the quasi-particle
energy which is the solution of the equation:
εqp(k) =
h¯2k2
2m
+ReΣ(k,εqp(k)) . (11)
With increasing density, the quasi-particle peak at zero momentum shifts to lower en-
ergies with respect to the chemical potential, i.e. neutrons at low momenta are more
bound at higher densities. The situation is the opposite for high momenta ( k ∼ 2kF ),
where the peak shifts to higher energies when density increases. At the Fermi surface,
k = kF the quasi-particle peak is approximately centered around the chemical potential
and its width decreases as ρ increases. At zero temperature and in the absence of pairing
correlations, the spectral function would actually have a delta-like quasi-particle peak,
whose strength defines the discontinuity of the momentum distribution at the Fermi sur-
face at zero temperature. The strength in the tails of the spectral functions, both for large
removal (ω << µ) and large addition (ω >> µ) energies, increases with density. These
off-shell components of the spectral function are populated mainly due to short-range
correlations and therefore they increase when the mean separation distance between the
neutrons decreases. The influence of the temperature on the spectral function is less
pronounced. Both the position of the quasi-particle peak and the strength at low and
high energies are almost unaffected by changes in temperature. The only region that is
slightly modified corresponds to ω ∼ µ , which is particularly sensitive to variations in
phase space.
Using Eq. (6) we can calculate the momentum distributions. Fig. 2 shows n(k) of
symmetric (upper panels) and neutron (lower panels) matter for the Av18 interaction
at T = 5 MeV for four different densities. In the left panels n(k) is displayed as a
function of the ratio k/kF . At a constant T , an increase in density leads to a more
degenerate system. Consequently, the high density results have a more zero-temperature-
like structure, with an almost constant depletion below kF and a substantial jump in n(k)
at k = kF . The occupation n(0) ∼ 0.85 at ρ = 0.16 fm−3 characterizes the depletion
of the momentum states in nuclear matter below the Fermi momentum. In contrast, at
low densities, the momentum distribution is modulated by temperature at all momenta.
One can also observe that one major density effect is the redistribution of strength in
the region close to the Fermi surface. The high momentum components are shown in
the right panels of the figure on a logarithmic scale for momenta ranging between 500
and 1500 MeV. In both symmetric and neutron matter, the high-density results lead to a
larger population of high-momentum states.
One way to learn on the effects of hh propagation on the energetics of the system
is to compare the quasi-particle peak (Eq.(11)) obtained in the SCGF approach that
includes the effects of hh propagation with the one calculated within the BHF approach
that accounts only for pp states. In Fig. 3, we compare the real part of the on-shell self-
energy, ReΣ(k,εqp(k)), for both approaches at densities ρ = 0.08, 0.16, and 0.24 fm−3
(left, middle and right panels, respectively) and temperatures T = 5 MeV (solid lines)
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FIGURE 3. Comparison between the real part of the on-shell self-energy for SCGF and BHF approxi-
mations at T = 5 MeV (solid lines) and T = 20 MeV (dashed lines), calculated for neutron matter using
the Av18 interaction. The three panels correspond to densities 0.08 fm−3 (left), 0.16 fm−3 (middle), and
0.24 fm−3 (right). The arrows show the associated Fermi momenta.
and T = 20 MeV (dashed lines). The results reported correspond to the Av18 potential,
but similar conclusions are reached with the CDBonn. For all cases, the SCGF spectra
are more repulsive than the BHF ones at all momenta. The effect of hh propagation
on the on-shell self-energy is therefore of repulsive nature. This effect is larger at low
momenta and the effect increases with density. Therefore, one also expects an overall
repulsive effect of the propagation of holes when calculating the total energy.
THERMODYNAMICAL PROPERTIES OF NUCLEAR MATTER
For a complete thermodynamical description of the system, one should compute the free
energy, F = E −T S. Therefore, one needs a suitable method to compute the entropy. It
turns out that the knowledge of the single-particle propagator allows for the construction
of the grand-potential, Ω, in the framework of the Luttinger-Ward formalism [21, 22].
From the grand-potential , one can obtain the entropy through the thermodynamical
relation S = −∂Ω∂T |µ . To this end, it is convenient to split the entropy in two terms,
S = SDQ +S′. The first term is the so-called dynamical quasi-particle entropy:
SDQ = ν
∫ d3k
(2pi)3
∫
∞
−∞
dω
2pi
σ(ω)B(k,ω) , (12)
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FIGURE 4. Energy per particle (circles), free energy per particle (squares) and chemical potential
derived from the density sum-rule (µ¯)(diamonds) or from the free-energy through the thermodynamical
definition (µ) (dotted line).
formed by the convolution of a statistical factor, σ(ω) = − f (ω) ln f (ω) − [1 −
f (ω)] ln[1 − f (ω)], times a certain spectral function B(k,ω), closely related to the
self-energy and the single-particle spectral function:
B(k,ω) = A(k,ω)
[
1−
∂ReΣ(k,ω)
∂ω
]
−2
∂ReG(k,ω)
∂ω ImΣ(k,ω) . (13)
SDQ takes into account the correlations of the dressed particles in the medium and in-
cludes finite width effects. In the following, we shall make the assumption that the sec-
ond term of the entropy, S′, is negligible. This approximation leads to thermodynamical
consistent results [13], supporting the assumption that the contribution of S′ is small in
the range of density and temperature explored.
The knowledge of the entropy allows for the calculation of the free energy and a com-
plete thermodynamical description of the system. The free energy per particle (squares)
together with the energy per particle (circles) and the chemical potential (diamonds) are
shown in Fig. 4 as a function of the density, at T = 8 MeV for the Av18 interaction.
The left panel contains the results of SCGF and the right panel displays the BHF ones.
As mentioned above, the hole-hole propagation, which is included in the SCGF but not
in the BHF approach, yields a repulsive contribution to the energy. Since this repulsive
contribution tends to increase with the nuclear density, one obtains a smaller saturation
density in the SCGF than in the BHF approach. A similar effect is also observed for
the free energy per particle, since the entropies calculated in both approaches are quite
close to each other. The chemical potential, which is also shown in the figure, is useful to
study the thermodynamical consistency of a many-body method. The chemical potential
can be calculated from the density sum-rule (Eq. (8)), µ¯ (diamonds), or alternatively it
can also be computed as the derivative of the free energy with respect to the number of
nucleons at constant temperature, µ = ∂F/∂N |T (dotted lines). If the method is thermo-
dynamically consistent, the equality µ¯ = µ holds. The differences between µ¯ and µ for
the BHF approach can be larger than 15 MeV, showing its lack of consistency. Note that,
in particular, the Hugenholtz-van Hove theorem is violated, i.e. µ¯ does not coincide with
F/N at its minimum. The SCGF results, however, fulfil thermodynamical consistency.
The next natural improvement of this approach in order to have a fully competitive and
quantitative description of nuclear systems is the inclusion of three-body forces which
play an important role at medium and high densities. Work along these lines is presently
in progress.
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